Recent work using compressively strained-Ge quantum wells grown on Si1−yGey virtual substrates has demonstrated efficient modulation on a silicon substrate through the quantum confined Stark effect with performance comparable to many direct bandgap III-V materials. The absorption of compressively strained-Ge quantum wells is calculated using an 8-band k.p solver within the envelope function technique. The calculated absorption spectra provide excellent agreement with experimental results, demonstrating that the absorption is dominated by the direct bandgap and allow a number of predictions of the absorption for different polarizations, quantum well widths, electric fields and strain to be calculated. It is also shown that some of the experimental results in the literature require tensile strained substrates to produce agreement with the theoretical calculations.
I. INTRODUCTION
While silicon dominates the electronics market, the lack of an efficient light emitter or modulation effect has prevented complete silicon optoelectronic solutions from being realised. The indirect bandgap of silicon results in significantly smaller electro-optical effects [1, 2] than those in direct bandgap III-V materials. Silicon photonics as a field has grown enormously in the last decade especially as copper interconnects on and off silicon chips are close to reaching the theoretical maximum bandwidths and new optical solutions are required for low cost, higher bandwidth performance from microelectronic systems [2] . Modulators have been demonstrated on silicon using the Franz-Keldysh effect [2] and the stronger free carrier plasma effect [1] [2] [3] [4] but all demonstrated devices still have poorer performance or larger sizes than equivalent III-V devices at the important 1.55 µm operating wavelength.
Recently the quantum confined Stark effect (QCSE) was demonstrated using strained-Ge quantum wells grown on top of a silicon wafer [5, 6] . The QCSE can be considered as the analog of the Franz-Keldysh effect for electrons and holes confined in a type I quantum well so that bound excitonic effects strongly effect the absorption properties of the device [7, 8] . The work on strainedGe quantum wells [9] suggests that the direct electron Γ-valley transitions to hole states dominate the optical absorption properties of these systems as the zone-centre Γ − 7c -valley for electrons is only about 140 meV above the L-valley conduction band edge.
In this paper, the absorption of compressively strainedGe quantum wells is calculated using an 8-band k.psolver [10] . The results demonstrate that the absorption is indeed dominated by the direct bandgap and the modeling tool is used to calculate the absorption edge for * Electronic address: D.Paul@elec.gla.ac.uk a number of different quantum well widths and strain conditions. The polarization dependence of the absorption is also calculated demonstrating the difference between surface-normal (xy-polarization) and ridge waveguide (z-polarization) devices. One major issue which will be demonstrated is that a number of the published results require a strained virtual substrate rather than an unstrained virtual substrate to agree with the theory.
II. DESCRIPTION OF MODELING TECHNIQUE
The absorption was calculated using the band structure tool Nextnano[10] using an 8-band k.p solver. The technique is similar to the envelope function technique derived by Bastard [11] and a full derivation of the absorption coefficient, α (ω) as a function of angular frequency, ω can be found in Ref. [10] . The basis states are S-like for the Γ − 7c -conduction band and P-like for the valence band with each state with spin degeneracy of 2 giving the eight bands of |S ↑ , |X ↑ , |Y ↑ , |Z ↑ , |S ↓ , |X ↓ , |Y ↓ , |Z ↓ . The absorption result is from the projection of the susceptibility tensor, χ ij onto the polarization vector, ε j of the incident light to produce
where n is the refractive index and c the speed of light. The susceptibility (only the imaginary part is required for absorption and is quoted after symmetry and selection rules have been used to reduce the form) is given by [12] b Reference [13] c Reference [14] d Reference [15] e Reference [16] f Reference [17] g Reference [18] h Reference [19] i Reference [20] j Reference [21] for a transition from state n to n ′ at wavenumber k with spin σ and polarization i or j. The variables above are as follows: e is the electronic charge, is Planck's constant divided by 2π, m is the effective mass, m 0 is the free electron mass, E p is the Kane matrix element defined in terms of the momentum Hamiltonian as 2 m0 | S ↓ |p x |X ↓ | 2 , S is the Kane parameter, a 0 is the Bohr radius, k max is the maximum k wavenumber, ε 0 is the permittivity of free space and Ω is the volume of the sample.
The major input parameters for the calculations are listed in table I. Where possible experimentally derived or measured input parameters have been used [22] although these were not available for a number of parameters. Unlike direct bandgap III-V materials which have a large literature of parameters for 8-band k.p tools [23] , the indirect materials of Si and Ge make the extraction of some of these parameters difficult [22] . For this work the standard 6-band Dresselhaus parameters from Ref. 21 were used and they were not scaled to the 8-band values as described in Ref.
[10] for III-V materials. The inversion symmetry operator was set to zero, the Kane [23] , the agreement between experiment and theory which will be demonstrated later provides the justification for the selection and present use of the parameters.
III. DEVICES WITHOUT ELECTRIC FIELDS
The first structure to be modeled was a 12 nm compressively strained Ge quantum well sandwiched between 24 nm thick tensile strained-Si 0.15 Ge 0.85 barriers and grown on top of a linearly-graded, relaxed Si 0.1 Ge 0.9 virtual substrate [9] . For this particular structure, the experimental results in Ref. 9 are for flat band conditions without an applied electric field at 17 K. Fig. 1 shows the calculated band edges and lowest energy subband states for the heavy-hole (HH), light-hole (LH) and Γ − 7c conduction band electrons. Also shown are the band edges for the L-and ∆-valleys. The split-off (SO) band is too low in energy to be plotted and does not play any significant role in the absorption process although as with all strained-SiGe structures, there is significant mixing between the SO and LH states due to the off diagonal terms in the 8-band Hamiltonian. While strictly speaking these should be described as LH/SO subbands, for brevity they will be described as LH states from now on. Fig. 2 shows the in-plane dispersion of both the electron and hole subband states for those closest to the band edge transitions. While the electron dispersions are close to parabolic, the hole states are clearly nonparabolic. The selection rules assuming parabolic dispersions of the subbands with the xy-polarisation (TE) of the present experimental results allow the following transitions [11] : HH1-e1, HH2-e2, LH1-e1, LH2-e2, etc.... While non-parabolicity can allow weak transitions at finite k from forbidden transitions in the parabolic approximation, none of the calculated absorption spectra in this work show any significant absorption from relaxation of those forbidden transitions for the main excitonic features.
The absorption spectra were calculated up to a maximum k-parallel value of 1.1 nm −1 with 961 k-parallel points for Brillouin zone discretization. Spectra were calculated for 1,2 and 5 quantum wells with little difference being found in the calculated absorption spectra for different numbers of quantum wells. Hence all subsequent absorption spectra will be calculated using a single quantum well which has the minimum computational resource requirements. Fig. 3 shows the absorption spectra at 17 K for a single quantum well and spacers of 20 nm on each side of the quantum well assuming 1 meV of broadening compared to the experimental results in Ref. 9 . The main transitions are also annotated on the figure and excellent agreement is shown between the calculated and experimental spectra for many of these transitions.
The experimental data in Fig. 3 was compared to absorption spectra calculated by 6-band k.p for the hole states and a single-electron effective mass calculation for the electrons in the original paper [9] . While this calculation produced excellent agreement for the lowest absorption peak observed experimentally at 0.978 eV, many of the other transitions were at significantly different energies to the experimental results. The present 8-band solutions using literature input values and no fitting parameters produces the first absorption peak at 0.973 eV and has better agreement with the higher transitions as would be expected with the addition of coupling between the electron and hole states. The present calculations also reproduce the absorption peak around 1.25 eV by extending the eigenvalue calculation to a 20 nm layer adjacent to the spacer and quantum well system with the composition of the relaxed Si 0.1 Ge 0.9 virtual substrate. This peak was missing in the 6-band calculation [9] which only calculated the absorption for the Ge quantum well.
At present the model uses a linear interpolation between Si and Ge for the bandgap energy which produces the Si 0.1 Ge 0.9 virtual substrate absorption peak close to 1.20 eV compared to the experimental 1.25 eV suggesting that bowing of the bandgap energy is required for more accurate modeling of the substrate peak. The electron to HH absorption peaks are more accurately calculated by the model than the transitions to LH states. The HH subband state energies are related to first order to the well widths while the energies of the LH states are much more related to the Ge content and are more strain dependent. The poorer fit to the electron to LH transitions also suggests that accurate bowing parameters are required for the bandgap, deformation and Dresselhaus parameters to provide more accurate predictions. At present there is little Si 1−x Ge x data in the literature at these high Ge contents to allow accurate parameters to be experimen- tally determined. The modeled absorption curve in Fig. 3 also shows very weak transitions at some of the forbidden transitions which are not observed in the experimental results. Firstly the modeled curve could have a larger smoothing factor added which would more closely resemble the experimental results but also the non-parabolicity which is required to break the selection rules may be different in the real sample compared to the model due to the bowing of the parameters discussed in the previous paragraph. Also above about 1.25 eV, the modeled curve shows discrete transitions due to the finite number of states calculated which could be smoothed out by greatly increasing the number of quantum state solutions for the continuum but at the expense of greatly increased computational time.
The temperature dependence of the absorption spectra was also calculated using the model of Varshni [13] to account for the change in bandgap where
The data used for the bandgaps at different symmetry points and the fitting parameters, α and β are listed in table I and the resulting absorption spectra calculated using the data are compared to experiment in Fig. 4 . The agreement for the absorption edge from 17 K to 300 K is excellent even though no additional broadening over the 1 meV value has been added to the higher temperature calculations. It is clear that some form of additional broadening is required, especially for the higher energy transitions, if better fitting is required to the experimental data. The present results suggest that the broadening increases with temperature but there are also, as will be discussed later, indirect absorption effects which also increase with increasing temperature.
IV. DEVICES WITH ELECTRIC FIELDS
The original paper on the Ge well QCSE used 10 quantum wells inside a p-i-n structure which results in a built in electric field of 1.63 MV/m with 0 V applied across the p-i-n device [5] . The distance between p-and ncontact regions was 460 nm. To model this structure a single quantum well was used with a constant electric field applied across the structure before the eigenstates were calculated. The calculated absorption spectrum is compared to the experimental data in Fig. 5 . It was clear from the initial calculation of compressive-Ge quantum well and tensile spacers being commensurate to a relaxed Si 0.1 Ge 0.9 substrate (0% strain in Fig. 5 ) did not match the experimental data. Unlike the first sample from Ref. 9 which was grown on a ∼13 µm thick linearly graded strain relaxation buffer where the grading rate was 7% Ge/µm, the experimental data in Fig. 5 came from a sample with a thin virtual substrate of only 500 nm thickness [22] . This thin buffer was grown at low temperature and then annealed at high temperature to relax. A number of papers [28, 29] have demonstrated that such fabrication results in tensile strain and not complete relaxation in the buffer and therefore the lattice constant is not that of bulk, relaxed Si 0.1 Ge 0.9 . Up to 0.2% tensile strain has been demonstrated just by annealing Ge heterolayers while the addition of further processing steps such as backside silicidation has shown tensile strain up to 0.25% [28] .
To account for this tensile strain, the absorption spectra were calculated for different levels of tensile strain in the virtual substrate. This was achieved by calculating the appropriate lattice constant for each level of tensile strain in a Si 0.1 Ge 0.9 layer and then fixing the substrate lattice constant to this value before commensurately straining the quantum wells, barriers and spacers on top. The results for tensile strain levels in the substrate from 0 to 0.4% are plotted against the experimental results in Fig. 5 and the best fit for the main HH1-e1 absorption peak was obtained using 0.2% tensile strain. This is very similar to the values reported for similar strain relaxation buffers made out of pure Ge in Ref. 28 rather than Si 0.1 Ge 0.9 . For operation of modulators at the important 1.55 µm band (0.807 eV), tensile strain is beneficial in moving the absorption edge to lower energy or longer wavelength. It is also clear from Fig. 5 that the experimental results have a significantly larger tail below the HH1-e1 absorption peak than the modeled results. Expanding the broadening of the peak did not allow accurate modeling of this tail and it is believed to be related to indirect absorption between the L-valley and hole states. Fig. 6 compares the experimental and modeled results for absorption as a function of applied bias for the 10 nm Ge quantum well modulator in Ref. 5 . The calculated absorption shows good agreement with the experiment although that agreement becomes poorer as the voltage and therefore electric field is increased. This is not surprising as the larger electric fields will result in more heating in the sample and this would result in a higher probability of indirect absorption with the larger number of phonons in the system. As the indirect transition is about 140 meV lower in energy than the direct transition, this will produce a tail below the direct HH1-e1 transition. To model this tail accurately will require another technique as the 8-band k.p technique is limited to direct transitions in the system. The application of a Stark shift is expected to reduce the overlap of the electron and hole wavefunctions as the electric field is increased (see Fig. 7 ). To try to get a quantitative idea of the change in this overlap, the spatial overlap integral, ψ * HH1 |ψ e1 was calculated for the 4 experimental applied voltages from 0 V to 4 V. To reduce boundary effects, the k.p solution to Schrödinger's equation was expanded to a distance 50 nm each side of the quantum well. The results for the lowest subband states are plotted in Fig. 8 as a function of electric field. It is clear that the spatial overlap between the lowest electron and HH subbands reduces by a factor of 0.59 between 0 and 4 V applied across the p-i-n device. It should also be noted in Fig. 7 that the mixed LH/SO states are much more weakly confined than the HH states due to the lower heterostructure discontinuity. More detailed analysis of the modeled results suggest that by 4 V, only the lowest electron subband does not have any significant coupling to continuum states.
V. POLARIZATIONS DEPENDENCE OF ABSORPTION
All the experimental results published for Ge quantum well modulators have used the surface-normal xypolarisation as this is the easiest to measure. There are many systems where waveguide geometry devices with z-polarisation (TM) are useful. Fig. 9 shows the absorption spectra for both xy-and z-polarisations for five different levels of tensile strained substrates calculated with the present 8-band k.p tool. The selection rules are of course different for the z-polarization with the lowest dominant transition peak at flat bands being the LH/SO1-e1 transition with the HH1-e1 transition forbidden in the parabolic approximation [11] . The difference in selection rules results in the z-polarized absorption being at higher energy although as the tensile strain in the substrate is increased, the difference between the xy-and z-polarization is reduced as the LH/SO1 state becomes closer in energy to the HH1 state. If sufficient tensile strain could be applied (above approximately 0.6%) then for the present device, the z-polarization would end up with a lower energy absorption edge when the LH/SO1 state is higher in electron energy (lower in hole energy) than the HH1 state. It is, however, not clear at present how such high levels of tensile strain could be achieved in a practical experimental device in the SiGe system. Fig. 10 shows the calculated z-polarised absorption spectrum for the 10 nm Ge quantum well device as a function of applied electric field in Ref. 6 . The operation of the device is at higher energy (lower wavelength) than the xy-polarization device but the shift in the excitonic absorption peak is much larger at lower electric fields. It is clear that for longer wavelength (lower energy) operation of a modulator different levels of Ge content, strain and / or quantum well width are required if 1.55 µm operation is to be achieved.
VI. PREDICTIONS FOR GERMANIUM CONTENT AND QUANTUM WELL THICKNESS
In the final section of this paper, the 8-band k.p tool will be used to map out parts of the appropriate parameter space for making Ge-quantum well QCSE modulators. The most important wavelength for photonics is 1.55 µm which corresponds to 0.807 eV in energy. An ideal modulator would have the main absorption peak slightly higher in energy than 0.807 eV and be swept through this value to a lower energy with the application of a small applied bias. It is clear from the above results and as shown in Refs. 6, 7 that a lower Ge content virtual substrate and wider quantum well are required for longer wavelength operation. Therefore the absorption was calculated for different quantum well thicknesses for tensile strained and relaxed substrates of both Si 0.1 Ge 0.9 and Si 0.05 Ge 0.95 compositions. The results are plotted in
Figs. 11 and 12.
To be consistent for both xy-and z-polarized calculations especially when strain in the substrate can result in anti-crossing of subband states, non-parabolicity and mixing leading to multiple peaks near the absorption edge, the absorption edge has been defined as where the linear extrapolational of the lowest, distinct, directtransition energy absorption peak edge crosses the energy axis. This may not be the best definition but does provide consistency to plot values on a single graph when band mixing of both HH and LH/SO states can relax selection rules resulting in small absorption compared to the main exciton peak as can be observed in Fig. 10 for 1 V applied bias. The modeling results suggests that using a 0.2% tensile strained substrate of Si 0.05 Ge 0.95 composition combined with a Ge quantum well of 15 nm or greater should allow modulation at 1.55 µm at 300 K in a low voltage device. Of course operation of a device at higher temperatures will also result in longer wavelength operation due to the thermal shrinking of the bandgap [6, 13] . The wider quantum wells will also result in less spatial overlap of the wavefunctions and therefore there will be some maximum value of quantum well width above which the modulation with electric field will be too small to be useful due to the reduced absorption. Further modeling is required to determine this value and it is beyond the scope of the present paper.
VII. CONCLUSIONS
To conclude, an 8-band k.p tool has been used to model and simulate the absorption spectra of a number of Ge quantum well structures. To accurately agree with experimental devices grown on thin virtual substrates the substrates had to have tensile strain applied while for thick graded buffers, the experimental results agree with theory without any strain in the virtual substrate. The excellent agreement between theory and experiment demonstrates that the direct bandgap absorption dominates the device characteristics especially at low electric fields and low temperatures. The tool was also used to predict the performance of z-polarized waveguide geometry devices along with mapping out the useful energy space over which such modulators could be applied.
